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ABSTRACT: We consider the high-energy limits of the colour ordered four-, five- and six-
gluon MHV amplitudes of the maximally supersymmetric QCD in the multi-Regge kine-
matics where all the gluons are strongly ordered in rapidity. We show that various building
blocks occurring in the Regge factorisation (the Regge trajectory, the coefficient functions
and the Lipatov vertex) satisfy an iterative structure very similar to the Bern-Dixon-
Smirnov (BDS) ansatz. This iterative structure, combined with the universality of the
building blocks, enables us to show that any two- and three-loop amplitude in multi-Regge
kinematics is guaranteed to satisfy the BDS ansatz. We also consider slightly more general
kinematics where the strong rapidity ordering applies to all the gluons except the two with
either the largest or smallest rapidities, and we derive the iterative formula for the asso-
ciated coefficient function. We show that in this kinematic limit the BDS ansatz is also
satisfied. Finally, we argue that only for more general kinematics — e.g. with three gluons
having similar rapidities, or where the two central gluons have similar rapidities — can a
disagreement with the BDS ansatz arise.
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1. Introduction

Recently, Bern, Dixon and Smirnov have proposed an ansatz [[] for the colour-stripped
[-loop m-gluon scattering amplitude in the maximally supersymmetric N' = 4 Yang-Mills
theory (MSYM), with the maximally-helicity violating (MHV) configuration for arbitrary
I and n. They checked that the ansatz agrees analytically with the evaluation of the three-
loop four-gluon amplitude. The ansatz has been proven to be correct also for the two-loop
five-gluon amplitude, which has been computed numerically [B, B]. The ansatz implies
a tower of iteration formulse, which allow one to determine the n-gluon amplitude at a
given number of loops in terms of amplitudes with fewer loops. For example, the iteration
formula for the colour-stripped two-loop MHV amplitude mf)(e) is

m?(e) = % [mg)(e)r + @) m(2€) + Const® + O(e), (1.1)
thus the two-loop amplitude is determined in terms of a constant, Const®, a known
function, 3 (e), of the dimensional-regularisation parameter e (which is related to the
cusp [, f] and collinear [f, [f anomalous dimensions) and the one-loop MHV amplitude
mg)(e) evaluated to O(€?).

The BDS ansatz was first predicted to fail by Alday and Maldacena [, fl], for am-
plitudes with a large number of gluons in the strong-coupling limit. They claimed that
the finite pieces of the two-loop amplitudes with six or more gluons would be incorrectly

determined. One can characterise this statement by the quantity Rg)

RO — m@ () — 1 [m(l)(e)} £ () m(26) — Const® (1.2)
where Rg) may be a function of the kinematical parameters of the n-gluon amplitude, but
a constant with respect to e. Then the claim was that Rg) # 0 for n > 6. This prediction
was backed up by Drummond et al. [[[(], who considered the finite contribution to the
hexagonal light-like Wilson loop at two loops. The conclusion was that either the BDS
ansatz was wrong, or the equivalence between Wilson loops and scattering amplitudes did
not work at two loops. The question was settled in ref. @, by the numerical calculation
of mél)(e) to O(e?) and of mé?)(e), which allowed for the numerical evaluation of R((f) and
showed that it was different from zero. This result also confirmed the equivalence between
the scattering amplitude and the finite part of the light-like hexagon Wilson loop [LJ].



The question remains of how one can determine the function Rg)? A direct analytical

evaluation in general kinematics is currently beyond our capability: it would require the
computation of the one-loop hexagon to O(e?), as well as the two-loop hexagon through

to O(e"). Another approach is to try to constrain R

using some simplified kinematics,
where one knows that the amplitude has certain factorisation properties. Examples include
the limit where one or more of the gluons are soft or where two or more of the gluons are
collinear. In this paper, we consider another limit where the kinematics is simplified - the
high energy limit (HEL). For a multiparticle process there are several high energy limits
that one can take, corresponding to two or more of the gluon rapidities being strongly
ordered, together with constraints on the transverse momenta of the gluons. By relaxing
the restriction on the gluon rapidities and transverse momenta, one can systematically
return to the general kinematics. The simplest kinematics corresponds to the multi-Regge
kinematics [[4], where all of the produced gluons are strongly ordered in rapidity and have
comparable transverse momenta. We shall start then with the simplest possible kinematics
and we will show that Rg) does not contribute for any n. Then we shall consider various
quasi-multi-Regge kinematics, which gradually approach the more general kinematics, with
a view to determining where the function Rg) might not vanish and could therefore be
constrained by the HEL.

Our paper is organised as follows. In section B, we review the multi-Regge kinematics
and discuss the Regge factorisation that tree-level (colour stripped) amplitudes obey. In
section [, we extend the Regge factorisation beyond leading order and provide a conjecture
for the factorised form for the colour stripped n-gluon amplitude to all orders, both in the
unphysical region, where all invariants are space-like, and in the physical region. The high-
energy limits of the four-, five- and six-gluon MHV amplitudes are developed in section [,
including explicit expressions for the Regge trajectory (up to three loops), the coefficient
functions (up to three loops) and the Lipatov vertex in MSYM. In section | we consider
the BDS ansatz in the multi-Regge kinematics. By considering the four- and five-point
amplitudes, we show that both the coefficient function and the Lipatov vertex satisfy an
iterative structure very similar to the BDS ansatz itself.! This iterative structure ensures
that the six-point amplitude is completely determined by known functions, and, in the
multi-Regge kinematics is guaranteed to satisfy the BDS ansatz. In other words, the
remainder function RéZ) vanishes in the multi-Regge kinematics. Note that we disagree
with Bartels et al. who claim that the two-loop six-point amplitude violates the Regge
factorisation [[I5]. We trace this back to the non-commuting of the multi-Regge limit and
the e-expansion of the two-mass easy box as described in detail in appendix [J. We derive
exponentiated forms for the coefficient functions and Lipatov vertex in section [] and prove
that we recover the BDS ansatz in the multi-Regge kinematics for any number of loops.
We consider other quasi-multi-Regge kinematics in section f|. In particular, we consider
the slightly more general kinematics where all but two of the gluons (the two gluons with
either the largest or smallest rapidities) are strongly ordered in rapidity. This quasi-multi-
Regge kinematics first occurs in the five gluon amplitude and introduces a new coefficient

Tt is well known that the i-loop Regge trajectory is directly related to f(l)(e).



function with two final state gluons which also satisfies an iterative structure similar to
the BDS ansatz. Once again, Rg) does not contribute in this limit and we note that
the conformal kinematic ratios also take a particularly simple form in this quasi-multi-
Regge kinematics. Finally, in section § we consider more general kinematics - with three
gluons having similar rapidities, or where the two central gluons have similar rapidities.
These configurations first appear with four gluons in the final state. The new vertices and
coefficient functions associated with these kinematics cannot be determined using the five-
gluon amplitude, and require explicit knowledge of the six-gluon amplitude. We therefore
cannot say anything about the sensitivity of the HEL to Ré2), but note that in each of these
cases, the three conformal kinematic ratios relevant for six-gluon scattering do not simplify,
and take general values. We enclose appendices detailing the multi-Regge kinematics and
the e-expansion of the two-mass easy box one-loop integral.

2. Multi-Regge kinematics

Because in this work we make repeated use of the multi-Regge kinematics, we shall give
here a short pedagogical introduction to it. We consider an n-gluon amplitude, g1 go —
g3 9a -+ gn, with all the momenta taken as outgoing, and label the gluons cyclically clock-
wise. In the multi-Regge kinematics [[4], the produced gluons are strongly ordered in
rapidity and have comparable transverse momenta,

Y3 S ys > S Y P3| > |pai|.. >~ |pnil- (2.1)

Accordingly, we can write the Mandelstam invariants in the approximate form?

512 ~ |p3L||[pnole®* ™,
s2;i ~ —|paL||piLle”* V", (2.2)
$15 ~ —|pid||pni|e? TV,

|pillpjolelvivil.

12

Sij
for 7,7 = 3,...,n. We label the momenta transferred in the ¢t-channel as

q1 = p1+DpPn
g2 = q1 +Pn-1=Gq3 — Pn-2
(2.3)
n—-4 = Qn-5 +P5 = qn-3 — P4
dn—3 = —P2 — P3,

with virtualities ¢; = ql~2. Then it is easy to see that in the multi-Regge kinematics the
transverse components of the momenta ¢; dominate over the longitudinal components,

2In appendices E and E, we write the invariants (@) and the spinor products (@, in terms of light-cone
coordinates. Although the light-cone formulation is more convenient for performing calculations, we prefer
to give here those quantities in terms of rapidities because it is physically more intuitive. The translation
between light-cone coordinates and rapidities is straightforward (please see appendix @)



q? ~ —\qilF. In addition, t; = s1, and t,,_3 = s23, and we label s = s19, and 51 = 5,1 5,
82 = Sp—2p—1, - -+, Sp—3 = 834 for n > 4. Thus, the multi-Regge kinematics (@) become

§>> 81, 82,...,8p-3 > _tla _t27"'a_tn—37 (24)

with the special case s > —t for n = 4. Labelling the transverse momenta of the gluons

emitted along the ladder as k1 = |pp_11|%, K2 = |[Pn—21|?, ..., kn_a = |ps1|?, and using
eq. (B-2), we can write
51 52 52 83 Sn—45n—3
Kl = ——"— kg = ——————— bpg = ————— (2.5)
Spn—2n—1,n Spn—3n—2,n—1 5345

for n > 4, which are known as the mass-shell conditions (B.4) for the gluons along the
ladder. Eq. (R.9) also implies a relation amongst the mass-shell conditions,

SK1 ' Kp_4 =8182""Sp_3. (2.6)

In the multi-Regge kinematics the spinor products are given by eq. (B.5)

Yys—y
1) = T e (£ 52).

. - [1p3L] Y3 — Vi
2i) ~ — ;
< Z> 1 ‘pu_’ pZJ_ eXp 2

(i1) ~ ir/[piL |[Pni] exp <y 5 y”) ,

.. Pil Yi — Yy
(ij) ~ — \‘p:’! PjL €xp < . 5 ]> fory; > y;.
\ 1P

2.1 MHYV amplitudes in multi-Regge kinematics

(2.7)

The colour decomposition of the tree-level n-gluon amplitude is [[[6]

MD =2m2 g2 N (T T mD (1, ), (2.8)
Sn/Zn

where d; is the colour of a gluon of momentum p; and helicity v;. The T’s are the colour ma-

trices® in the fundamental representation of SU(N) and the sum is over the noncyclic per-

mutations S, /Z,, of the set [1,...,n]. We consider the MHV configurations (—, —, +,...,+)

for which the tree-level gauge-invariant colour-stripped amplitudes assume the form
(pip;)*

m0) ce,n) = .
(1,2,...,n) (p1p2) -+ (Pp—1n) (Pnp1)’ (2.9)

where i and j are the gluons of negative helicity. The colour structure of eq. (R.§) in
multi-Regge kinematics is known [[7—[[9] and will not be considered further. Here we shall

$We use the normalization tr(T°T?) = §°?/2, although it is immaterial in what follows.
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Figure 1: Amplitude in the multi-Regge kinematics. The green blobs indicate the coefficient
functions (impact factors) and the Lipatov vertices describing the emission of gluons along the
ladder.

concentrate on the behaviour of the colour-stripped amplitudes (R.9), which in multi-Regge
kinematics has the factorised form [[L§]

1
mgLO)(lv 27 cee an) =S |:.g C(O)(p27p3):| t

n—3

[QV(O)(Q%QI,KI)} % [90(0)(191,%)} :

[9 VO (g3, gn_s; K/n—4):| (2.10)

.X J—
to

This factorization is shown schematically in figure [Il. The gluon coefficient functions
C) which yield the LO gluon impact factors, are given in ref. [[4] in terms of their spin
structure and in ref. [§, at fixed helicities of the external gluons,

COWpypH)=1  COpr pt) = % (2.11)
nl

with p| = p, + ip, the complex transverse momentum. The vertex for the emission of a
gluon along the ladder is the Lipatov vertex [I§, P, 9]

i1 9L
VO (gi1,q5,55) = V2 AR (2.12)
Pn—j1

with pn—j = ¢j+1 — ¢



3. The high-energy limit of the n-gluon amplitude

The virtual radiative corrections to eq. (R.1() in the leading logarithmic (LL) approximation
are obtained, to all orders in ayg, by replacing the propagator of the ¢t-channel gluon by its
reggeised form [[4]. That is, by making the replacement

1 1 i\ ati)

SN (5_) : (3.1)
t; t; \T

in eq. (B.10), where a(t;) can be written in dimensional regularization in d = 4 — 2e

alt;) = g% cr <“2 )E N2 (3.2)

—ti €

dimensions as

with N colours, and
1 T(A+eT?(1—¢)
(4m)2—¢ (1 — 2e)

a(t;) is the Regge trajectory and accounts for the higher order corrections to gluon ex-

or = (3.3)

change in the ¢; channel. In eq. (B.I)), the reggeisation scale 7 is introduced to separate
contributions to the reggeized propagator, the coefficient function and the Lipatov ver-
tex. It is much smaller than any of the s-type invariants, and it is of the order of the
t-type invariants. In order to go beyond the LL approximation and to compute the higher-
order corrections to the Lipatov vertex (P-IJ), we need a high-energy prescription [RJ
that disentangles the virtual corrections to the Lipatov vertex from those to the coefficient
functions (R.11)) and from those that reggeize the gluon (B.1)). The high-energy prescription
of ref. [RJ] is given at the colour-dressed amplitude level in QCD, where it holds to the
next-to-leading-logarithmic (NLL) accuracy. However, it has been shown to break down in
the imaginary part of the QCD one-loop four-parton amplitude [R4], in the imaginary part
of the QCD one-loop five-gluon amplitude [R5], and in the two-loop four-point amplitude in
MSYM [Pf]. This is because the mismatches between the colour orderings and the multi-
Regge kinematics become apparent at NLL. When the colour ordering is correctly aligned
with the multi-Regge limit, the factorisation applies to NLL and beyond. In ref. 6], we
showed that the high-energy prescription, applied to the colour-stripped four-point ampli-
tude is valid up to three loops. Thus, we conjecture that in the multi-Regge kinematics a
generic colour-stripped n-gluon amplitude has the factorised form,

1 —s,_5) “tn-3)
mn(1,2,...,n) = s[gC(p2,p3)] - ( - 3) 9V (qn-3, Gn—a, kn—1)] (3.4)
1 —S89 o(t2) 1 —S51 o)
s X & <T> 9V (a2, q1,k1)] n [9C(p1,pn)] ,

where we suppressed the dependence of the coefficient function and of the Lipatov vertex
on the reggeisation scale 7, and on the dimensional regularisation parameters 2 and e.

In order for the colour-stripped amplitude m,, to be real, we take eq. (84) in the
unphysical region where the invariants are all negative,

8,581,589, ...,8n-3,t1,t2,...tp_3 <0, (35)



where the multi-Regge kinematics (B.4) are
—8> —81,—82,...,—8p—3 > —t1,—tlo...,—ln—_3, (3.6)
and the on-shell condition (P.J) is

= (—51) (—52) k= (—s2) (—s3) o = (=$n-4) (=5n-3) (37)
—Spn—2n—1,n —Spn—3,n—2,n—1 —5345

In eq. (B-4), the Regge trajectory has the perturbative expansion,
a(ti) = g’ aV(t;) + g'a® () + 3°%aP) (1) + O(g) (3.8)
with ¢ =1,...,n — 3, and with the rescaled coupling
§° = g*crN . (3.9)

In eq. (@), the coefficient functions C' and the Lipatov vertex V are also expanded in the
rescaled coupling,

V(gj+1,45,55:7) = VO(gj41,95) (1 + ZQ%V(”(@H,@,@J) + 0(928)> _

with (p; + pj)2 = t, where C' and V are real, up to overall complex phases in C©),
eq. (B:10), and VO, eq. ([£:12), induced by the complex-valued helicity bases. Note that
because several transverse scales occur, we prefer to keep the dependence on p? of the
trajectory, coefficient function and Lipatov vertex within the loop coefficient rather than
in the rescaled coupling,

2\ e 2 \ ne
™ (t;) = <“ ) )| CO) (1 7) = <N_> Oty 7).

—1 —lg

2 ne
VOt 11,15, k5,7) = <_M—R> VO (b1, 15, k5,7) . (3.11)
J

The expansion of eq. (B.4) can be written as
My =m (>(1+g m® 4+ g'm® + m + 0(g )) (3.12)

3.1 Analytic continuation of the n-gluon amplitude to the physical region

We analytically continue the high-energy prescription for the colour-stripped ampli-
tude (B.4) to the physical region, where

5,51,59,...8,-3 >0, t1,to,...th—3 <0, (3.13)

through the usual prescription In(—s;) = In(s;) — im, for s; > 0. Then the multi-Regge
kinematics are given by eq. (R-4) and the mass-shell condition by eq. (R.§). We still use the



expansions of eqs. (B.§)-(B.11), but because of the analytic continuation on sy, ..., k,_3
(which follows directly from the eq. (B.]) once the analytic continuation on the s-type
invariants is established), in going from eq. (B.7) to eq. (R.H), the Lipatov vertices be-
come complex,

2 ne

—(n 1% n

VO (b1, t), 5, 7) = (;) Vp(hy)s(thrlatja’%J% (3.14)
J

with
Vp(}?;s(tj+1, tj, Kj, 7') = "¢ V(n) (tj+1, tj, Kj, T) . (3.15)

4. The high-energy limit of the four-, five- and six-point MHV amplitudes

4.1 The four-point amplitude in multi-Regge kinematics

For the 4-point amplitude, g1 g2 — g3 g4, the high-energy prescription (B.4) becomes

1 /—s\°®
mi(1,23.4) = sl Conml 1 () laClorpa ). (4.

In order for the colour-stripped amplitude my4 to be real, we take it in the unphysical region
where s is negative. Then the Regge kinematics are,

—s> —t. (4.2)

Using the loop expansions of the Regge trajectory (B.§) and of the coefficient func-
tion (B.I0), eq. (.I]) can be written as eq. (B.19) for n = 4. Then the knowledge of
the [-loop coefficient m4l allows one to derive the I-loop trajectory o) and coefficient
function C'¥) (t, 7). For example, the one-loop coefficient is given by

m =aV(#)L + 200t 7)), (4.3)
with L = In(—s/7), and & and C rescaled as in eq. (B.11). The one-loop trajectory is given

v 8 ol = 2 , (4.4)

€
and it is the same in QCD and in MSYM. The one-loop coefficient function, C"), has been
computed in ref. 23, 4, B7-RJ]. In MSYM it is, to all orders in €

Oty - YLD =W +u(1) 1)

€ € T
1 t [e.e] [e.e]
_ — 2n 2n+1
=5 (—2 —€ln — + 3n§:1 Cop € + n§:1 Cont1 € > . (4.5)

In fact, in the formulee that follow we shall need C") (¢, 7) through O(e?).
The two-loop coefficient of eq. (B.1F) with n =4 is

1 2 _
m{ = 5 (d(l)(t)) L+ (d@)(t) + 20(1)(75,7')@(1)(15)) L
_ _ 2
+2C3(t, 1) + (C(l)(t,T))

() + a2 0L +200(7) - (CO@n) . (4.6)

N =



where in the second equality we factor out the square of the one-loop amplitude, in order
to to facilitate the later comparison with the BDS ansatz. In eq. ([.6), mfll) must be
known to O(e?). The two-loop trajectory, a?), is known in full QCD BJ-B4). In MSYM,
it has been computed through O(e?) directly [Bg] and using the maximal trascendentality

principle [BG], and through O(€?) directly [24],

a? = _2_52 — 2G5 — 8Cae + (36(2C3 + 82¢s)e + O(€%) . (4.7)

The MSYM two-loop coefficient function has been computed through O(e?) 2§,

2 2. —t 1 —t\ 1 —t\ 1
0(2)(t,7') == 6_4 +6—31n? — <5C2 — §ln2 7) 6_2 - <<3+2<21H7> E

—%%m+<@@—4Ka+@hﬁj>€
-

— <%C§ + %Cﬁ + (18¢2(3 +42¢5) In _Tt> e+ 0(e) (4.8)
1 2 — 1
5 [C(”(tm)} + f—g + <C3 + G ln ;) p
+ <<3 In _Tt — 19<4> + <4<4 In _Tt — 2C2C3 — 39C5> €
1773
8

— <48C§ + C6 + (18¢2¢3 + 41(5) In ;) e+ 0().

The three-loop coefficient is given by

mf? =

% (54(”(15))3 L? +aW() (5@ (t) + CO (¢, 1) d(l)(t)) L? (4.9)

. [a(g) (1) 42600 V(1.7 + aD () (2 O 1)+ (C(1>(7g,7)>2>] L

+2CO(t,7) + 20 (¢, 7) CWV (¢, 7)
2 ) 1 D)3
Pl L ()
) ) B ~ 3
+8O(0)L + 20001, 7) ~ 2091, 7) OV (1,7) + 2 (CV(1,7)

In MSYM, the three-loop trajectory, o), has been evaluated in ref. B4, [3, B3,
through O(€?),

o) — 46 40

e §C2C3 +16¢5 + O(e) . (4.10)

The three-loop coefficient function has been evaluated in ref. 26 through O(e®) using

— 10 —



knowledge of mfll) to O(et), and mfl ) to O(e?),

4 2. —t —t\ 1
0(3)(t,7') = —@ — 6—51117 + <4C2 - 1112 7) 6_4 (411)
—t 1 —t\ 1 217¢y Cg o —t —t\ 1
In— —=In®— ) = In 3ln — | =
—|—<3C2n7_ 6nT>63+<9 CnT €2
22 t —t\ 1
+<——§2C3 C5—91 2—+—C41n—>—
12 T )€
796 211861

—C3

P 97 —t
132 o 2C4111 - + <115C5+ 3 (2¢3 | In . + O(e)

1 3
= 0O (t,r) V() - [C(l)(tﬂ')]

A4¢, (40 6. 22 —t\1
Bt C N (it i 2n— ) 2
9 2 ( C2C3+3C5+3C4HT>6
3982

C6 - —Cs <8C5 + ?Cz(s) In _Tt + O(e)

It is straightforward to obtain the four-point amplitude in the physical region, s > —t,

by continuing eqs. ([.3), (£.4) and (£.9) through the prescription In(—s) = In(s) — i,
for s > 0.

4.2 The five-point amplitude in multi-Regge kinematics
For the five-point amplitude, g1 go — g3 g4 g5, the high-energy prescription (B.4) becomes

1 —89 alt2) 1 —S81 a(t)
ms = s [g C(p2,p3,7)] 5 (T) [9V (g2, q1,5,7)] 5 (T) [9C(p1,p5,7)]

(4.12)

where py = q2 — ¢1, and with the invariants labelled as in section I, i.e. t; = s51, t2 = 523,

s1 = s45 and so = s34. In order for the amplitude ms to be real, eq. () is taken in

the region where all the invariants are negative. Thus, the multi-Regge kinematics (B.6)
become,

-8 > —81,—82 > —11,—1to. (4.13)

Then the mass-shell condition (B7) for the intermediate gluon 4 is

_ (o) (=9) : (4.14)
—s
where £ = —|psi|?. In the expansion of eq. (BI3) for n = 5, the knowledge of the I-

loop five-point amplitude in the multi-Regge kinematics (), together with the [-loop
trajectory oV and coefficient function C, allows one to derive the Lipatov vertex to the
same accuracy. The one-loop coefficient is

m = a® (1) Ly + aW(t2) Ly + CO(ty,7) + CO(tg, 1) + VO (t1,t0, 5, 7). (4.15)

where L; = In(—s;/7) and i = 1,2. Then subtracting the one-loop trajectory (f4) and
coefficient function ([.§) from the one-loop five-point amplitude, we can derive the one-loop
Lipatov vertex. That will explicitly be done in a forthcoming publication.
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In the expansion of eq. (B.13) for n = 5, the two-loop coefficient is
1 2
mg) -5 (mén) +a®(t)Ly +a? (t2)Ls (4.16)
+CO(ty,7) + VO(ty, 1o, k,7) + C(ta,7)
2

5 (60,m) = 5 (VO t2,m,7) — 5 (D (12m)

where m{!, CO(t,7) and VO (ty, 1, k,7) must be known to O(c?). Similarly, the three-
loop coefficient is
1 3
mé?’) = m?)mg) 3 (m?) +a¥(t) L1 + @ (ty) Ly
+CO(t1,7) + VO (ty, o, k,7) + CO(ta,7)
—CO(t, 1) CD(ty,7) = VO (ty, ta, k, T) VD (81, 89, 5, 7) — CO(ty,7) CW (ta, 7)

+% (é(1>(t1,r))3 + % (V(1>(t1,t2, H,T))S + % (é(l)(t2,7)>3 . (4.17)

Here, to find még) to O(e°), mél), CO(t, 1) and VW (t,t9, k, 7) must be known to O(e*)
while méz), CO(t, 1) and VP (t1,ts, k,7) must be known to O(e?).

It is straightforward to obtain the amplitudes in the physical region where s, s1, s5 are
positive and t1,t2 are negative, and where the multi-Regge kinematics are

s> 851, S9 > —t1, —12. (4.18)

and the mass-shell condition is . s

K= 15 2 (4.19)
by continuing eqs. ({15) and (f.I6) through the prescriptions In(—s;) = In(s;) — im, for
sj >0and j = 1,2 and In(—x) = In(x) — im, for x > 0, which implies eq. (B.14) for the

Lipatov vertex.

4.3 The six-point amplitude in multi-Regge kinematics
For the six-gluon amplitude, g1 g2 — g3 g4 g5 g6, the high-energy prescription (B.4) becomes

1 —S83 a(tg)
me = S[gc(p27p37T)] E <T> [g V(Q27q37"€277—)]

1 <_—82>a(t2) l9V (g1, 42, k1,7)] 1 <__31>a(t1) lgC(p1,pe,7)] . (4.20)

X J—
to T t T

with t1 = sg1, t9 = S934 and t3 = So3, S1 = S56, S2 = Sa5 and s3 = s34. In order for mg to be
real, we take eq. (.20) in the unphysical region where the invariants s, s1, s9, s3,t1, t2, t3
are all negative, where the multi-Regge kinematics are,

-8 > —81,—82,—S83 > —11, —1l2, 13, (4.21)
and the on-shell conditions (B.7) are,

L= T o (ms2) (mss) (4.92)

(—5456) (—5345)
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with k1 = —|ps1|? and ke = —|ps1|?>. Because in eq. (f.2(0) no new vertex or coefficient
function occurs with respect to eq. (f.19), in the expansion of eq. (B.13) for n = 6, the
knowledge of the I-loop trajectory a®), the coefficient function C¥), and the Lipatov vertex
V" allow one to derive the I-loop six-point amplitude in the multi-Regge kinematics. The
one-loop coefficient is

m = aW(t))Ly +a® (t) Ly + a (t5) Ly
+CW (1, 1)+ CO(t3,7) + VWO (b1, 0, 51, 7) + VO (ta, 3, k0, 7). (4.23)

with L; = In(—s;/7) and ¢ = 1,2,3. The two-loop coefficient is

) () L1 + a® (t2)La + a®(t3)Ls (4.24)
2 )(tl ) + 0(2)(153,7') + VO (ty, b0, k1, 7) + VO (ty, t3, ko, T)
1 /- 2
) N TE)
5 (60,7~ 5 (0W(,7))

<V( )(t17t27,£177-))2 — % <V(1)(t27t3,/£2,7'))2 )

1
2

€
MI}—‘MI}—‘ Q|/‘\

where mél), CW(t,7) and VW (ty,ty, k,7) must be known to O(e?). Similarly, the three-
loop coefficient is

1 3
mé?’) - mg)mél) 3 (mél)) +a® (t1)L1 + a® (t3)L2

w

+C’(3) (tly T) + ‘7(3) (tly t27 K1, 7—) + V(3) (t27 t37 K2, T) + 0(3) (t37 T)
—C(t1,7) CV(tr,7) = VO (b1, 19, k1, 7) VD (81, 82, 51, 7)
—‘7(2) (t27 t37 K2, 7—)‘7(1) (t27 t37 K2, T) - 0(2) (t37 7—) C’(l) (t37 7—)

4 (O900) 45 (CV )

1 /- 31 /- 3
+§ <V(1)(t1,t2,lil,7)) + g <V(1)(7f2,t3,%2,7')) . (4.25)

Here, m(l) CO(t, 1) and VO (ty,ta, k,7) are needed to O(e*) while méz), CA(t,r) and
v )(tl,tg, K, T) must be known to O(e?).

It is straightforward to obtain the amplitudes in the physical region where s, s1, s2, s3
are positive and t1, to, t3 are negative, where the multi-Regge kinematics are

s > 81,829,583 > —t1,—t2, —t3, (4.26)

and the mass-shell conditions for gluons 4 and 5, emitted along the ¢ channel, are

5182 52 83
R1 = 5 R = s (4.27)
5456 8345

by continuing eqs. (£.23) and ({.24) through the prescriptions In(—s;) = In(s;) — i, for
sj >0 with j =1,2,3, and In(—«;) = In(k;) — im, for x; > 0, with ¢ = 1,2.
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5. The Bern-Dixon-Smirnov ansatz in multi-Regge kinematics

The BDS ansatz prescribes that the n-gluon MHV amplitude be written as,

mp = m® |1+ Z aLMfLL)(e)]
L=1
= m9 exp Zal < (e) MV (1) + ConstV) + EV (e ))] , (5.1)
=1
where )
2g°N —y
_ ¢ 2
a am)— e (5.2)
is the ’t-Hooft gauge coupling, and with
10 =) + e+ 8 (5.3)

where f1)(e) = 1, and fo is proportional to the [-loop cusp anomalous dlmension A,
’y(l) =4 f0 () which has been conjectured to all orders of a l | and computed to O(a*) BY, 0],
and f1 is related to the soft anomalous dimension [, ff, QO = 1 /l, and is known
to O(a®) [[]. In eq. (@), Const®) are constants, and Eg)(e) are O(e) contributions,
with Const) = 0 and E;’(¢) = 0, and M,SL)(E) is the L-loop colour-stripped amplitude
rescaled by the tree amplitude. In the convention and notation of eq. (B-I3), the rescaled
coupling (B.9) is related to a by,

a = 2G(e)g* (5.4)
with e 71 20)
e — 2¢
GO = Fararra_g

Thus, the n-gluon amplitude is given by,

=1+0(e?). (5.5)

L
M ey = (2 m(E) (e :
M) = (55 ) M), (5:6)
and the BDS ansatz (B.1) becomes
1+ i g”(t)mﬁf)(e)]
(1)(16)
0) exp Z <f(l (€) 260 +const<l>+Eg>(e)>] . (5.7)

5.1 Amplitudes with four or five gluons

Substituting the one-loop four-point amplitude ({.3) in eq. (5.7) and comparing with the
expansion (B.19) for n = 4 of the high-energy prescription (fi.1]), we determine the Regge
trajectory from the coefficient of the single logarithm [R€],

((6)—2f () oV (2¢) + O(e), (5.8)
D(e) = 41D (e)aV(3e) + O(e)
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with a(!) given in eq. (£4), and in general
aD(e) =271 O () aM (1) + O(e) . (5.9)

From eq. (5.9), we see that to O(e”) only the first two terms of the f()(e) function (F-3)
enter the evaluation of the Regge trajectory. Using the f and f®) functions M,

FO(e) = —C — Ge = e,
3) 11 2 2
[(e) = St (6¢5 +5C2¢3)e + (c1e + cal3)e” (5.10)
we see that eq. (5.§) agrees with eqs. (J7) and (fI0) to O(e®). The constants cj,cy are
known only numerically [T, but they do not enter the evaluation of the Regge trajectory.

Eq. (@) implies the iterative structure of the two-loop n-gluon amplitude given in
eq. ([L.1]), which we report here in our convention (f.g) for the coupling,

2 2
m?(e) = % [mg)(e)] + 26?22(:))f(2)(6) m{M(2¢) + 4 Const® + O(e), (5.11)
with Const(® = —C22/2, and where the one-loop amplitude, mg)(e), must be known to

O(e?). Eq. (F-I0) has been shown to be correct for n = 4 [ and n = 5 [@, [ for
general kinematics.

Using the iterative structure (p.11) for the four-point amplitude, it is possible to express
the two-loop coefficient function in terms of the one-loop coefficient function. In fact,
comparing eq. (p.11) with n =4 to the two-loop factorization of the four-point amplitude
in the multi-Regge kinematics ([.6), we find the following iterative structure

2 €
[C(H(t, T, e)} 4 25(2(6))

CA(t, 7€) = @) cW(t,7,2€) +2Const® + O(e), (5.12)

N =

where, to compute the two-loop coefficient function C'? (t,7,€) to O(e”), the one-loop co-
efficient function, CM (¢, 7, €), is needed to O(e?). Eq. (F.13) agrees with eq. (Eg) to O(%).

Similarly, the iterative structure (p.11) for the five-point amplitude, means we can also
express the two-loop Lipatov vertex in terms of the one-loop Lipatov vertex. Comparing
eq. (b-11)) with n =5 to the two-loop factorization of the five-point amplitude ([t.16), and
using eqs. (p.§) and (p.19), we obtain

2 2
|:V(1) (tly t27 Ry T, 6) + 2G(;('2(€6))

V(2) (th t27 K, T, E) = f(2) (6) V(l) (th t27 K, T, 26) + O(E) ’

(5.13)
where, to compute V3 (t1,ts, 5, 7,€) to O(e°), VD (t1,ts, k, 7, €), must be known through
O(€?). Of course, eq. (B.11)) with n = 5 requires the knowledge of the one-loop five-point
amplitude, mgl)(e), through O(e?),* but once V(M is known through O(e?), the two-loop
Lipatov vertex can be determined by eq. (H.13) without knowing explicitly the two-loop

N —

4We shall provide the details of mél)(e) to that accuracy, in fact to all orders in €, in a forthcoming
publication [@]
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five-point amplitude. In fact, once evaluated, V2 can be used, together with C® and a®,
in eq. ({.16) to determine the two-loop five-point amplitude in the multi-Regge kinematics.
The iterative structure of the three-loop n-gluon amplitude is,

m () = mP (@m0 - £ [mP @] + 2T 10 mlD (30) + 8 Const® + 0.

3 G(3¢)
(5.14)
where msll)(e) and mg)(e) must be known to O(e?) and O(€?), respectively, and with
341 2 17 2
(3) — _=t
Const <216 + 901> (o + < 9 + 02> 2. (5.15)

Eq. (5.14) has been shown to be correct for n = 4 []].

Comparing eq. (p.I4) with n = 4 to the three-loop factorisation of the four-point
amplitude in the multi-Regge kinematics (fl.9), we obtain the three-loop iteration of the
coefficient function,

1 3
0(3)(75,7', €) = C’(z)(t T, €) C’(l)(t T,€) — 3 [C’(l)(t,T, e)]

4 el ())f(3 (6) CO(t,7,3¢) + 4 Const® + O(e) . (5.16)

The constants ¢y, ¢z cancel when eqgs. (5.10) and (5.15) are used in eqgs. (5.14) and (5.14).
Using the two-loop coefficient function to O(e?) (i.§), and the one-loop coefficient function

to O(e*) (.H), we see that eq. (b.16) is in agreement with eq. ([E11]) to O(€).
Comparing eq. (b.14) with n = 5 to the three-loop factorisation of the five-point
amplitude ([.17), we obtain the three-loop iteration of the Lipatov vertex,

3
V(3)(t1,t2,/£,7', 6) = V(z)(tl,tQ,H,T, E)V(l)(tl,tQ,H,T, 6) — é [V(l)(tl,tg,/i,T, 6)]

4G3(e)

MeTEn

OOV (ty,ta, K, 7,3¢) + O(e) . (5.17)

5.2 Amplitudes with six or more gluons

In the two-loop expansion of the six-point amplitude ([.24), no new vertices or coefficient
functions occur. Thus, using the explicit expressions of V@ @ and a® in eq. (E29), one
can assemble the two-loop six-point amplitude in the multi-Regge kinematics. However,
even without knowing the explicit expression of the two-loop Lipatov vertex (§.13), it is
easy to see by substitution that the iterative structure of egs. (b.§), (b.12) and (5.19)
ensures that the six-point amplitude ([.24) fulfils the two-loop iterative formula (f.11]) for
n = 6. Furthermore, the expression has the correct analytic properties in the physical
region where s, s1, o, 83 are positive and t1, to, t3 are negative.

Because no new vertices or coefficient functions occur in the two-loop expansion of
eq. (B4) even for n = 7 or higher, we conclude that the two-loop expansion of eq. (B.4)
fulfils the two-loop iterative formula (f.11)), and thus the BDS ansatz, for any n. Thus,
the multi-Regge kinematics are not able to resolve the BDS-ansatz discrepancy, i.e. the
quantity Rg) (1.4) vanishes in the multi-Regge kinematics, for any n.
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The same arguments can be repeated for three-loop case: in the three-loop expansion
of the six-point amplitude (§.2§) no new vertices or coefficient functions occur. Thus,
using the explicit expressions of Ve, ¢ and o in eq. ([E25) one can assemble the
three-loop six-point amplitude in the multi-Regge kinematics. However, even without
knowing the explicit expression of the three-loop Lipatov vertex (p.17), it is easy to see by
substitution that the iterative structure of egs. (b.§), (b.16) and (p.I7) ensures that the six-
point amplitude ([f.29) fulfils the three-loop iterative formula (f.14) for n = 6. Because no
new vertices or coefficient functions occur in the three-loop expansion of eq. (B.4) for n = 7
or higher, the three-loop expansion of eq. (B.4) fulfils the three-loop iterative formula (5.14),
and thus the BDS ansatz, for any n. Thus, also the quantity RS’) (@) vanishes in the
multi-Regge kinematics, for any n. Clearly, the same thing is to occur with the iterative
structure of the [-loop n-gluon amplitude for [ > 4. We conclude that Rg) vanishes in the
multi-Regge kinematics for any [ and n. The l-loop n-gluon amplitudes in the multi-Regge
kinematics are in complete agreement with the BDS ansatz, therefore they are not able to
resolve the violations of the ansatz for n > 6.

In ref. [[[1, 4] it was argued that the remainder function ([.3) for n = 6 is a function
of the three conformal cross-ratios

uy = 812 845 ’ Uy — 523 856 ’ ug = 534561 (5.18)
5345 5456 5234 5456 8234 8345
Using the notation of section ] and the results of section B.]], we note that in the multi-

Regge kinematics ([1.2) the conformal invariants (f.1§) become [[ig, [i§]

t t t t
up ~ 1, u2:3—’“:(9 -1, U3:1—H2:(9 -1, (5.19)
1ZED) S LD s

thus wuq is close to 1, while uo and ug are very small and are in fact sub-leading in the
multi-Regge kinematics.

6. Proof of BDS ansatz in multi-Regge kinematics

In the previous section, we derived iterative relations for the three building blocks that occur
in the multi-Regge factorisation of gluonic amplitudes, the Regge trajectory, the coefficient
functions and the Lipatov vertex. We argued that the high-energy prescription implied
that the six-gluon amplitude also satisfies the BDS ansatz (in the restricted kinematics
where the high energy prescription is valid). In this section, we are going to prove that
the BDS ansatz is fully consistent with multi-Regge factorisation. In particular, we show
that, if BDS holds true for four- and five-point amplitudes, then it also holds true for any
n-gluon amplitude (in multi-Regge kinematics).

We start by deriving exponentiated forms for the coefficient functions and the Lipatov
vertex. If the BDS ansatz holds true for the four-point amplitude, then we can immediately
insert the tree- and one-loop four-gluon amplitudes in multi-Regge kinematics

S
ml(l()) :g2C(O) (p27p3) ; C(O) (p17p4)7
N ) L (6.1)
my’ (le) =2CW(t, 7,le) + aV(t,le) In <T> ’
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into eq. (b.7), such that

—S

)
S 672 G SO () M (nle)
S (le)
my = g*CO(pa, p3) ;C(O)(pl,m) <—T >

o FO(e) _
xexp 2y g"27Gl(e) ( G(l(e)) CO(t,7,1e) + ConstD + EV(e) ] . (6.2)
=1

Comparing eq. (p.29) to the general form of the high energy prescription of eq. ([£1]), we
can easily identify the all-orders forms of the Regge trajectory

_ - _21 1—1Gl(€) D\ ~(1)
alt,)) =3 727 g U9 aN it le), (6.3)
=1

and the coefficient function,
C(pl7p]7 T, 6) = (64)

0 1
c© (pi,pj) exp Z g2 271G () (# C’(l)(t,T,le) + ConstV + Ei”(e)) ,
= (te)

where in the last equation ¢t = (p; + p;)?. Note that expanding eq. (p.d) and eq. (6.4) in
the rescaled couplings reproduces the explicit forms for the two-, and three-loop iterative
expressions given in eq. (b.§) and eqs. (f.12) and (5.16) respectively. Furthermore, eq. (p.d)
is in agreement up to O(e) with eq. (f.9), which expresses the [-loop Regge trajectory in
terms of the function f() appearing in the BDS ansatz.

We can now repeat the argument for ms and, by reusing eq. (6.9) and eq. (p.4), extract
the corresponding formula for the Lipatov vertex,

S
ms = 92 C(p27p37T7 6) E V(O) (q27q1) C(pl7p57T7 6)

(_81>a(t1,e) (_s2>a(t2,e)
X —_ —_
T T

e )
_21 ol Al () (1) Oy _ 7O
X exp ;:1 g 2'G'(e) <2G(le) Vi (ta, t1, k1,7, le) + E57 (€) — Ey /() |- (6.5)

Comparing with eq. (.13), we find
Vg, q1.6,€) = VO qo, 1)

i U]
9l ol ) sa ) )
X exXp lg_l g~ 2'G'(¢) <2G(le) 1748 )(tg,tl,m,T,le) + E;7(e) — E; 7 (e) | -

As before, expanding eq. (p.6)) in the rescaled couplings reproduces the explicit forms for
the two-, and three-loop iterative expressions given in eqs. (5.13)) and (5.17).
We now turn to the generic case. Consider an n-gluon amplitude in multi-Regge

kinematics which satisfies eq. (7.9). Inserting the exponentiated expressions for the Regge
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trajectory eq. (B.3), the coefficient functions eq. (6.4) and the Lipatov vertex eq. (b.4),
we find

F)
2G(le)

= m®

exp Z g2 2!Gl(e)

<C'(l)(t1, T,le) + C'(l)(tn_g, T, le)
=1

)

k=1

+Const® + BV (e) + (n — 4) (B (e) — Eg”(e))] . (6.7)

The expression inside the brackets can now be easily identified as the one-loop amplitude
in multi-Regge kinematics,

n—3
mM(le) = CV(ty,7,le) + CV(t,_s, 7, l€) + Z a™ (ty, 1) In <_Tsk>
n—4 =
—i—zv(l)(tk+1,tk,l€k,7', le), (68)
k=1
and so we recover
mp =mY exp i g2 2l Gl (e) <f(l)(6) m (le) + Const® + O(E)) (6.9)
" " — 2G(le) " ’

i.e. m,, satisfies the BDS ansatz up to O(e).

7. Quasi-multi-Regge kinematics

7.1 Amplitudes in the quasi-multi-Regge kinematics with a pair at either end
of the ladder

It is possible to define a high-energy prescription for more general, i.e. less restrictive,
multi-Regge kinematics, such as the quasi-multi-Regge kinematics where all gluons are
strongly ordered in rapidity, except for a pair of gluons, either at the top or at the bottom
of the ladder as shown schematically in figure fJ(a). For example,

(7.1)

Y3 2 Ys S> e S> Yp; Ipsi| > |pas|.- = |pnil,

for which the Mandelstam invariants are given in section D.]. We conjecture that in the
quasi-multi-Regge kinematics of eq. ([(]]) a generic colour-stripped I-loop n-gluon amplitude
will have the factorised form,

1 —Sn_ tn—a)
mn(1,2,...,n) = s [g> A(p2, p3, p4)] — <%> 9V (-4, 4n—5, Fin—5)]
1/ —go\ ¥2) 1/ —g\ o)
o (22) Vel ¢ (Z2) T 0G0 72)
2 T t1 T
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where we suppressed the dependence of the coefficient functions and the Lipatov vertices on
the reggeisation scale 7. s,,_4 can be chosen to be either s35 or s45, the difference between
the two being of the order of s34, thus sub-leading with respect to s. In order for m,, to be
real, one can take the invariants s, si,...,Sp—4, t1,...,tn—4, defined as in section [, and
s34 all negative. Then the kinematics imply

—S > —81,—89,...,—S8n—4 > —834, —l1,—to, ..., —tn_a. (73)

The limit of multi-Regge kinematics (B.@) is where s34 becomes as large as any
s;-type invariant.

In eq. (7.3), the coefficient function C' and Lipatov vertex V are exactly the same
as in eq. (B.4). However a new coefficient function, A(ps,p3,ps), is needed to describe the
production of two gluons at one end of the ladder. The tree approximation, A©) (p2, p3,p4),
was computed in ref. [{7, i§. A can be expanded in the rescaled coupling, just as in

egs. (B.10) and (B.11),
A(p27p37p47 T) = A(O) (p27p37p4) (1 + gQA(l) (t7 534, 7—) + §4A(2) (t7 534, 7—) + O(g6)> : (74)

For n =5, eq. ([-3) reduces to

a(t)
1
m5(17 27 3747 5) =S |:g2 A(p27p37p477—)] ? <T> [g C(p17p57T)] ) (75)

with ¢ = p1 +ps = —(p2+p3+p4), t = ¢ and s = s15. Expanding eq. (T.9) as in eq. (B.19),
we obtain, at one-, two- and three-loop accuracy,

m) = aW )L+ CV(t, 1) + AD(t, s34, 7), (7.6)
@ _ 1/ 0y, -
mg =g <m5 ) + o' (t)L
_ _ 1 /- 2 1 /- 2
+CO(t,7) + APt s04,7) = 5 (V7)) = 5 (A Es00,7) (7.7)
1 3
m® = @~ () a0
+CO(t,7) + AP (8,530, 7) — CO(t,7)CD (8, 7) — AP (¢, 8530, ) AV (t, 534, 7)
1 /. 31 /- 3
Liem L(am
+3 (C (t,T)) + 3 (A (t, 33477)) ’ (78)

with L = In(—s1/7), and where mél) is needed to O(e?) in eq. ([.7), and mél) and mé2) to
O(e*) and O(€?) respectively in eq. (F.§). The coefficient functions C' were already evaluated
in section .1 Therefore, knowledge of the five-point amplitude at a given loop accuracy
in the quasi-multi-Regge kinematics ([7.)) allows one to find the coefficient function A at
the same loop accuracy. Furthermore, combining the iterative formula (p.11) for n = 5
with the high-energy prescription ([7.9), one obtains an iterative formula for the coefficient
function A,
2G?(e)

1 2
A®) (t,834,7,€) = 3 A(l)(t,334,7', e)] +Wf(2)(€) A(l)(t, S34,T,2€)+2 Const(2)+(9(e),
(7.9)
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Figure 2: Amplitudes in the quasi-multi-Regge kinematics of (a) a pair at either end of the ladder
and (b) two pairs, one at each end of the ladder.

where the one-loop coefficient function, AM(¢), is needed to O(e?). Similarly, it is straight
forward to derive from eq. ([7.§) an iterative formula at the three-loop coefficient function

3
A(g) (t, 834, T, 6) = A(2) (t, 834, T, E)A(l)(t, 834, T, 6) — 1 |:A(1)(t, 834, T, 6)

3
462 ()) FO(€) AD(t, s34, 7, 3¢) + 4 Const® + O(e),  (7.10)

where the one and two-loop coefficient functions A (¢) and A () are needed to O(e?)
and O(€?) respectively.

7.2 Amplitudes in the quasi-multi-Regge kinematics with two pairs, one at each
end of the ladder

One can also consider the quasi-multi-Regge kinematics where all gluons are strongly or-
dered in rapidity, except for two pairs of gluons, one at each end of the ladder,

Y3 2 Ys >c D Yno1 X Yni P3|~ |patl. .. =~ |pnol, (7.11)

for which the Mandelstam invariants are given in section [D.9 and illustrated in figure f(b)
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The high-energy prescription is

1 — Sy altn—s)
mn(1,2,...,n) = s [¢> A(p2, p3,4)] T < - 5) 9V (¢n-5,@n—6;Kn—s)]

1 [ —sp)\ o) 1 [ —sy\ o)
e E <T> l9V (g2, q1,K1)] a <T> [92 A(pl,pmpn_l)] (7.12)

where we again suppressed the dependence of the coefficient functions and the Lipatov
vertices on the reggeisation scale. In order for m,, to be real, one can take all the invariants
s- and t-type to be negative. Then the kinematics imply

—5> —S81, =82y--+, =Sn-5 > —S534, _Sn—l,n7 _t17 _t27 cry _tn—5 ’ (713)

The limit of multi-Regge kinematics (@) is where s34 and s,_1, become as large as any
s;-type invariant.

For n = 6, eq. ([.12) reduces to two coefficient functions A linked by a t-channel
reggeised gluon propagator,

1 [—s1\*®
m6(17273747576) =S [92 A(p27p37p477—)] Z <—1> [92 A(plapmpn—lﬂ')] ’ (714)

T

with ¢ = p1 + ps +pe = —(p2 + p3 +p4), t = ¢ and s = s12. s1 can be anything between
S45, S46, S35 and ssg, the difference between them being of the order of s34 or ssg, thus
sub-leading with respect to s. The quasi-multi-Regge kinematics ([7.3) become

—8 > —81 > —834, —S56, — 1. (715)

Expanding eq. ([.14) as in eq. (B.19), at one-, two- and three-loop accuracy, we obtain

m$) = aW ()L + AV (¢, s34, 7) + AD(t, 556, 7) , (7.16)
1 2
m® = 1 ()" + a0 (7.17)

_ _ _ 2 _ 2
+AP(t, 534, 7) + A (t, 856, T) — % (A(l)(t7334,7')) - % (A(l)(t735677—)) ;

3 2 @ 1 D\  _
= )~ L (i) 4 a0
+A(3) (t7 534, T) + A(3) (t7 556, 7—)
— APt 534, 1) AV (8, 534, 7) — AP (¢, 5567) AV (8, 556, 7)
1 /- 31 /- 3
2(AM 2 (a0
"'3 (A (t7834,7')) + 3 (A (t7356,7)> ; (7.18)

with L = In(—s1/7). In the two- and three-loop expansion of the six-point amplitude, ([7.17)
and ([.1§), no new vertices or coefficient functions occur. Thus, using the explicit expres-
sions of A® and a®, k = 1,2,3, in eq. (F.17) and in eq. ([7.1§), one can assemble the
two- and three-loop six-point amplitude in the quasi-multi-Regge kinematics () How-
ever, even without knowing the explicit expression of A and A®)| it is easy to see by
substitution that the iterative structure of eqs. (f.§) and ([.9) ensures that the six-point
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amplitude ([.17) fulfils the two-loop iterative formula (f.11) for n = 6. Similarly, using
eq. (f.10), one can easily show that the six-point amplitude (7.1§) fulfils the three-loop
iterative formula (f.14) for n = 6. Thus, also for the quasi-multi-Regge kinematics of
eq. (F.15) the quantities Réz) and Ré?)) vanish.

Because no new vertices or coefficient functions occur in the two- and three-loop ex-
pansion of eq. ([(.1g) for n > 6, we conclude that the two- and three-loop expansions of
eq. (F-19) fulfil the two- and three-loop iterative formulas (5.11) and (f.I4). Furthermore,
it is straightforward to extend the proof of section [] to the kinematics with a pair of gluons
emitted at either side or at each end of the ladder, and hence the BDS ansatz is fulfilled

l . .
SL) vanish in

in quasi-multi-Regge kinematics for any n or, in other words, the quantities R
the quasi-multi-Regge kinematics (7.11), for any n and for any .
Continuing the kinematics ([[.15) to the physical region where s, s1, s34, s56 are positive

and ¢ is negative, the conformal invariants (f.1§) become [[j]

L~ (psl” +pips)sss _ (f) s — (IpsL” +pgps)ssa _ o <t>
lq1|? (545 + 546) ’ lq1|? (s35 + 545) ’

s
(7.19)
thus, just like for the multi-Regge kinematics (K.20) wu; is close to 1, while us and ug are

U121,
S

very small, in fact sub-leading to the desired accuracy.

8. What lies beyond?

From the analysis of sections ] and ], it is clear that no difference between the Regge fac-
torisation and the BDS ansatz will be found, unless there is a contribution from coefficient
funtions which appear for the first time in n-gluon amplitudes, with n > 6. To introduce
this type of coefficient function means considering even less restrictive multi-Regge kine-
matics. In this section, we examine the two simplest of such instances: a cluster of two
gluons along the ladder, and a cluster of three gluons at one end of the ladder.

8.1 Six-point amplitude in the quasi-multi-Regge kinematics of a pair along the
ladder

In the quasi-multi-Regge kinematics of section [D.3, where the outgoing gluons are strongly
ordered in rapidity, except for the central pair,

Y3 > Ya = Ys > Ye; Ip3L| = [par| =~ [pso| ~ |peLl, (8.1)

the high-energy prescription is
1 —S89 altz)
m6(17273747576) = 5[90(172729377')] g <—>

a(t1)
1 _
X |:g2 W(Q27q17p47p577—)] E <Tl> [gc(plap677—)] ) (82)

where py 4+ p5 = q2 — q1, and with t; = sg1, to = Sa3, S1 = S56 and so = s34 as illustrated
in figure[J(a). In order for the amplitude mg to be real, eq. (B.9) is taken in the region where
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all the invariants are negative. Thus, the quasi-multi-Regge kinematics (B.1]) become,
—8 > —81,—82 > —S45, — 1, —12. (8.3)

In eq. (B.9) a new coefficient function occurs: the vertex for the emission of two gluons along
the ladder, W(qe, q1, p4, p5, 7), which we shall call the two-gluon Lipatov vertex. Although
eq. (B:2) can be defined for a generic helicity configuration, the MHV amplitude requires
the two-gluon Lipatov vertex to have two gluons of equal helicity. W can be expanded in
the rescaled coupling,

W (g2, q1,p4: 5. 7) = WO (o, 1, pa, p35)
X <1 + §2W(1)(t1,t2, 545,T) + §4W(2)(t1,t2, 545,T) + 0(96)) (8.4)

The tree approximation, W(O)(qg,ql,m,pg,), was computed in ref. [[7, i§. The one-loop
coefficient, W(l)(tl, t2, 545, 7T) is known for the equal-helicity configuration [[5]. Expanding
eq. (B2 to one-, two-, and three-loop accuracy, we obtain

m§) = aW () Ly +aW () Ly + CO(t1,7) + CO(tg,7) + WD (t, 2, 545, 7)

1 2
mé?) =5 (mé})) +a@ () Ly + @@ (ta) Lo (8.5)

+C’(2)(t1,r) + 5’(2)(t2,7) + W(2)(751,t2, 545,T)
1/- 2 1,/_ 2 1 /- 2
_~(c® _ (oW _ = (1)
9 <C (tl,T)) 9 (C (tg,T)) 9 <W (tl,t2,845,7')> s
1 3
mg) = m m) — = (m?)" +a@ @)L+ 3O @)L (8.6)

+C(3 ( ) 0(3) (t27 ) + W(3) (tla t27 545, T)

0(2 (t1,7)CYV (t1,7) = CP(tg, 7)CW (b, 7) = WP (t1, ta, 5457)W NV (1, b2, 545, T)
_ 31 ,. 301, 3

(1) l (1) - (1)

<C (tl, )) + 3 (C (tg,T)) + 3 <W (tl,t2,845,7')> s

with L; = In(—s;/7) and i = 1,2, and where mél) must be known to O(e?) in eq. (B.5) and
mél) and m(z) to O(e*) and O(e?) respectively in eq. (B.6). Because for n = 6 we expect
to find a remainder function Ré2), combining the iterative formula ([.Z) with the two-loop
expansion (B.), we obtain an iterative formula for the vertex W),

1 2
W(z) (tly t27 S45, T, 6) = 5 |:W(1) (tlv t27 545, T, 6):| (87)

+2G2(e)

G0 f(2)(e) w )(tl,t2,345,7 2¢) +Ré )(ul ,ugv,ug )+ O(e),

2)

where the one-loop coefficient, W1 (¢), is needed to O(e?). Thus, a remainder function Ré
for the multi-Regge kinematics (B.J) may occur in the two-loop iteration of the two-gluon
Lipatov vertex.
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Figure 3: Six-point amplitude in the quasi-multi-Regge kinematics of (a) a pair along the ladder

and (b) three-of-a-kind.

Using the Mandelstam invariants of section [D.J, the conformal invariants (5.1§) become

W 545
Uy — U = — — 20(1),
(pi +p3) (1 +p5)
2+, —
uy — uy = ‘53l’f5?6 T — = 0(1),
(P31 + par|* + pspy)(pL + P35 )Pg
9 4+
us — ulf = oL Py Py ~ o), (8.5)

py(py +05)(IpsL +par|> +pipy)

i.e. all the invariants yield a non-vanishing contribution, which is in general different
from unity.

8.2 Six-point amplitude in the quasi-multi-Regge kinematics of three-of-a-kind

In the quasi-multi-Regge kinematics of section [D.4, where the outgoing gluons are emitted
three in a cluster on one end and one on the other end of the ladder,

Y3 2 Ya =2 Y5 > Ye; Ip3L| = [par]| =~ |psi| = IpLl, (8.9)
the high-energy prescription is

1 a(t)
m6(17273747576) = S[gB(p27p37p47p57T)] Z <T> [gc(pl7p67T)] ) (810)
where ¢ = p; + pg, as shown in figure fj(b), t = ¢® and s = s12. 51 can be anything between
$36, S46, and ssg, the difference between them being of the order of s345, thus sub-leading
with respect to s. In order for the amplitude mg to be real, eq. (B.10) is taken in the
region where all the invariants are negative. Thus, the quasi-multi-Regge kinematics (B.9)

become,
—8 > —81 > —834, —S45, —S35, —L . (8.11)
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In eq. (B.10) a new coefficient function occurs for the emission of three gluons at one end
of the ladder occurs, B(ps,p4,ps, 7). B can be expanded in the rescaled coupling,

B(p37p47p57 T) = B(O) (p37p47p5)

X <1 + gZB(l)(tu 534, 845, S35, T) + g4B(2) (t7 534, 545, S35, T) + O(g6)> .
(8.12)

The tree approximation, B()(ps, ps, ps), was computed in ref. [iJ]. Expanding eq. (B10)
to one-, two- and three-loop accuracy, we obtain

my" W)L+ B(l)(t $34, 545, 535, 7) + CV (8, 7)

Q
1 —
mg) = 2 ( ) V()L + B (t, s34, 545, 835, 7) + CD(t,7) (8.13)
1 1/ 2
5 (B( )(t, 534, 545, 535, T )) 3 <C(1)(t77)) )

3 _ _
mé3) = m((f)mél) 1 <mé1)> +a® (t)L + B®) (t, s34, 845, S35, T) + c®) (t,7) (8.14)
)(t

2

3

_B(2 y S34, 545, S35, T)B(l) (t7 534, S45, S35, T) - 0(2) (t7 T)C_'(l) (t, T)
1/~ 3 1 /- 3
- (BM® (A

T3 (B (t, 834,845,835,7')) +3 <C’ (t,T)) ,

with L = In(—s1/7), and where mél) must be known to O(e?) in eq. (8:13) and mél) and

(2) to O(e?) and to O(e?) respectively in eq. (B:13). Because for n = 6 we expect to
ﬁnd a remainder function Ré2), combining the iterative formula ([.3) with the two-loop
expansion (B.13), we obtain an iterative formula for the vertex B@)

1 2
BO(t, 534, 545, 535, T, €) = 3 [B(l)(t, 534,545,535, T E)] (8.15)
2G?(e)
G(2¢)

+R((52) (uf, uf, uf) + O(e),

F@(e) BV (L, s34, 845, 835, T, 2€) + 2 Const?

2)

where the one-loop coefficient, B( (¢), is needed to O(e?). Thus, a remainder function Ré
for the multi-Regge kinematics (B.11]) may occur in the two-loop iteration for the coefficient
function for the emission of three gluons on one end of the ladder.

In the limit y3 > y4 =~ ys, the kinematics (B.9) reduce to eq. (B.J]) and the pre-

scription (B.I0) reduces to eq. (B-9). Then the coefficient function B factors out into the

two-gluon Lipatov vertex W and the coefficient function for the emission of a gluon, linked
by a reggeised propagator @] Accordingly, the remainder function Ré )(uiB ,uf ,ugB ) in
eq. (B.1H) reduces to Ré )(u‘l}V,ugv,ugV) in eq. (B.7).

Using the Mandelstam invariants of section [D.4, the conformal invariants (5.1§)
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become [[]

B S S45
up — uy = —~0(1),
s345(ps + 03 )pg
up — ub = (Ipsi|* + (p4 +p3 )p3 )P Pe ~ 0(1)
(p1 + p)pg (IpaL + parl? + (b3 +py)pd)
2
S
uz — uf = [P L [7s34 ~0(1), (8.16)

s345(IpsL + par 2+ (p3 +p3)pd)

i.e. all the invariants are of similar size.

9. Conclusions

In this work we investigated the high-energy limit of a colour-stripped MHV amplitude,
which is based on the Regge factorisation of the amplitude into a ladder of coefficient
functions and vertices linked by reggeised propagators [Rf]. We showed explicitly that
two- and three-loop m-gluon amplitudes in multi-Regge kinematics are fully consistent
with the Bern-Dixon-Smirnov ansatz, and in section | we proved that this result holds
true at any loop accuracy. In particular, this implies that the breakdown of the iterative
structure of the two-loop amplitudes, occurring in the two-loop six-point amplitude, cannot
be resolved by multi-Regge kinematics, i.e. the remainder function R((f) is sub-leading in
the multi-Regge kinematics.

In section [] we showed that similar conclusions can be drawn for less restrictive multi-
Regge kinematics, namely the kinematics where all the outgoing gluons are strongly ordered
in rapidity, but for a pair of gluons either at one end or at both ends of the ladder. By
giving explicit examples for the two- and three-loop six-point amplitude, we argued that
in this case as well the Regge factorisation of the amplitude is consistent with the iterative
structure implied by the BDS ansatz. The structure of the high energy prescription ensures
that this result is valid for an arbitrary number of loops.

Finally, in order to find kinematics which might shed light on the violation of the BDS
ansatz for the two-loop six-point amplitude, in section § we considered kinematics which
occur only for n-gluon amplitudes with n > 6, and thus for which we could not invoke
the BDS iterative structure. We showed that the iterative structures for the new two-
loop functions that appear in these kinematics might have a dependence on the remainder
function RéZ) (uy,ug,us), where uj, ug, usg are the conformal invariants, and therefore we
argued that these kinematical limits could provide some information on this quantity. This
suggestion is supported by the observation that, while in the multi-Regge kinematics of
section ] and in the quasi-multi-Regge kinematics of section [] the three conformal cross
ratios (p.1§) all took limiting values, in the more general quasi-multi-Regge kinematics of
section [ they are allowed to vary over a range defined by the kinematic invariants.
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A. Multi-parton kinematics

We consider the production of n — 2 gluons of momentum p;, with ¢ = 3,...,n in the
scattering between two partons of momenta p; and ps.°
= po £ p., and complex transverse coordinates p; =

—pLq]

Using light-cone coordinates p*
p® + ip¥, with scalar product 2p-q=pTq¢~ +p q"
p2 = (p3/2,0,0,p%/2) = (p3,0:0,0) ,
= (p1/2,0,0,—py /2) = (0,p1:0,0) ,
(pz +pz /2 Re[Pu] Im[Pu] (pz—l— _pi_)/2)

‘sz_‘ey ’Pu.’e Yi; ’pzl‘ COs (bu ’pzl‘ sin ¢Z) )

— p’ qu1, the 4-momenta are,

(A1)

where y is the rapidity. The first notation above is the standard representation p* =
(p°, p®, p¥,p?), while in the second we have the + and - components on the left of the
semicolon, and on the right the transverse components. In the following, if not differently
stated, p; and p; are always understood to lie in the range 3 < 4,5 < n. The mass-shell
condition is |p;) |? = pjpl-_. From the momentum conservation,

n
0= ZP@J_ ’
=3

n
Py =-> p, (A.2)
i=3
n
Py =—>_p;
i=3
the Mandelstam invariants may be written as,
Sij = 2pi - Dj =Dy P; +D; P} — PilPjL — PiDjL (A.3)
so that
n
s=2p1-p2= > pip;,
i,j=3
n
82i = 2p2 - pi = — Zpi_pj ; (A.4)

51 = 2p1-pi:—2pfp;.

5By convention we consider the scattering in the unphysical region where all momenta are taken as
outgoing, and then we analitically continue to the physical region where p? < 0 and p3 < 0.

— 928 —



Using the spinor representation of ref. [,

it 8
Yy (pi) = \/Ee’@ s Y-(pi) = \/p?e‘i‘f’i ;

0
7,[)+(p2) =1 8 ) 1)[)— (p2) =1 0 5 (A 5)
0 —\/—p3
0 0

] —pT 0
Yy (p1) = —i Opl )

for the momenta ([&)),° the spinor products are

(21) = /s,

(2i) = — \/ D (A.6)

’Ll = z\/—plpl ,

Z] —sz_\/ p]J_“

where we have used the mass-shell condition |p; [ = pfpi_ . The spinor products fulfill the
usual identities,

(i4) (31)
[ij] = — 1]
(ij)* = sign(pyp?) [4i]
((i 4+ [*154)" = sign(p{p}) (G + [v*]i+)
(ig) [7i] = 2pi - pj = 3ij (A7)
(i + [Fli+) = [ik] (k3)

)
(i = |Fli—) = (ik) [k7]
) = (ik)(Gl) + (i) (kj)
5The spinors of the incoming partons must be continued to negative energy after the complex conjugation,

€.g. ¢+(p2) =1 ( —p;70707 0>
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and if > | p; = 0 then

B. Multi-Regge kinematics

In the multi-Regge kinematics, we require that the gluons are strongly ordered in rapidity
and have comparable transverse momentum (R.1)). This is equivalent to require a strong
ordering of the light-cone coordinates,

py>>ploo>pl py <py <L by (B.1)

In the high-energy limit, momentum conservation ([A.J) then becomes

n
0= Zpilv
=3

py = —p3, (B.2)

D1 = —Pn s

where the = sign is understood to mean “equals up to corrections of next-to-leading accu-
racy”. The Mandelstam invariants ([A.4) are reduced to,

s = 2p1-p2 = D3P,
S2i = 2p2 - Pi = —P3P; (B-3)
S1i = 2p1-Pi = —D; Py
sij = 20iDj =0y p;  1<J.
The product of two successive invariants of type s;; fixes the mass shell. For example,
Sk—1,kSkk+1 = p;_lp,;p;jp,;rl = \pk¢\2plj_1p,;+1 = Pk P Sk—1 11 = [Pt [P Sk—1 b het1 -
Thus,

Sk—1,kSk,k+1 (B.4)

’ka_F =
Sk—1,k,k+1

The spinor products ([A.6) are,

p+
(20) = —i p—ipu, (B.5)
i
(i) = i\/pipn
i
<Z]> = — p_l—_i-ij- foryi>yj.
J

— 30 —



B.1 6-point amplitude in multi-Regge kinematics

For n = 6, the momenta of the gluons exchanged in the t channel are ¢1 = p1 + ps,
q2 = q1 + p5 = q3 — P4, q3 = —p2 — p3. The cyclic Mandelstam invariants are

s = p3pg
s23 = —p3ps = —|psLl’ = —lgsL I,

S34 = 3Dy,

S45 = PiDs5 »

— ot

S56 = Px Pg »
se1 = —pgpg = —IpeLl’ = —laL]*. (B.6)

Then we see that

8345 S456 — S S45. (B?)

The mass-shell conditions for the gluons along the ladder imply that
_ 2 _ 2
534 545 = 5345 [PaL|” = 8345 (@31 — q21 %,
S5 556 = S456 [P5.L|° = sas6 |q21 — @11 [ (B.8)

The mass-shell conditions and eq. (B-7) imply that

S34 545 856 = S [pat |* P51 |*- (B.9)

In addition, one can see that

S93 -+ 834 + 824 = —|p3L +par]* = —|qau|*. (B.10)

The momentum that flows out along the ladder is ps + p5s = g3 — ¢1, with

SS
paL +psi|? =sa5 (1 - 7B ). (B.11)
5345 5456

C. High-energy limit vs. e-expansion

In ref. [E], the six-point one-loop amplitude was analyzed, and it was pointed out that
the result for the one-loop n-point amplitude obtained in ref. [b()] contains dilogarithms for
n > 6, whereas in multi-Regge kinematics, the n-point amplitude is built up completely
from coefficient functions and Lipatov vertices. Those building blocks are themselves fully
determined by the five-point amplitude, where no dilogarithms appear. In particular, in
ref. [I§] the function Lis (1 — ®), with

(9
= Coan) s19)’ (G-1)

was considered. It is easy to see that in the euclidean region in multi-Regge kinematics
® becomes
P=1=Lip(1-®)=0, (C.2)
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i.e. the dilogarithm disappears in the euclidean region in multi-Regge kinematics. The
same holds true in the physical region where all s-type invariants are positive. The authors
claim however that there is a problem when going to the region where s, so > 0, all other
invariants staying negative. Although this region is unphysical, it implies that there is
a problem with factorization because starting from the euclidean region in multi-Regge
kinematics one could not reach all the other regions by simple analytic continuation. Their
argument goes as follows: The analytic continuation to this region is performed in the
usual way by continuing s and s9 along a half circle in the upper half plane,

(—s9) — e sy, (—s) — e 5. (C.3)

As all other invariants in this region stay negative, this implies
D — e 2P, (C.4)

and using the analytic continuation properties of the dilogarithm, it is easy to see that in
this region the dilogarithm develops an imaginary part,

Liy (1 — @) — Lip (1 — e #7®) = 2ir In (1 — @), (C.5)

i.e. , the dilogarithm would not completely vanish in this region but leave a trace in form
of this imaginary part, which would be absent when we first computed the multi-Regge
limit in the euclidean region, and then continued this function to the region we consider.
On the other hand, in the multi-Regge limit this imaginary part becomes 2i7 In0, i.e. , an
expression which is ill-defined.

In the following we are going to show that this ill-defined imaginary part arises due
to a non commutation between the high-energy limit we consider and the expansion in
¢, and more specifically the expansion of the 2 mass easy (2me) box. In the rest of this
section we will analyse the high-energy limit of the 2me box, and we will show explicitly
how this imaginary part arises due to the non commutation of the multi-Regge limit with
the e expansion.

C.1 The 2me box expanded in ¢

It is easy to see that the term proportional to Liy (1 — ®) comes from the contribution of
the € expansion of the 2me box. In the euclidean region, the 2me box can be written as [p(]]

201"#25
2e 12 2 2\ 2 2 2
oI (s, 8, P,Q%) = mF me(s,t, P7,Q%), (C.6)

where s, t denote the Mandelstam invariants, and P?, Q? denote the masses of the two
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massive legs, and
1 —s\ € 4\ € _p2\ ¢ Q"
2¢ 172 2 12y
1% F m6(87t7P 7Q )_ _6_2 [<ﬁ> + <F> — <7> —_ < M2 >
p? 2 P2 2
i (175 w1 (1= ) i (1) +1i (1)
s s

P2Q? 1
iy <1— S? >+§ln2 (§>+0(e)

1 t 1 —pP? -Q? — —t
- o (pige) +3 [t (5) v (5F) -t () - ()
+ Li <1—P—2> + Li (1—Q—2> + Li <1_P_2> 4 Liy (1_Q_2>
S S t t

P2Q? 1
iy <1— Sf >+§ln2 (;)4—(’)(6)

The masses Q> and P? and the Mandelstam invariants s and ¢ can be related to the two
and three-particle invariants in a straightforward way,

Q*=s, P’=sy, s=s315 = s (C.8)

The multi-Regge limit we are interested in corresponds to the limit defined by the rescaling

(N~ g (P~ (©9)

(—Q%) ~
where A — 0. Furthermore, eq. (B.7) imposes the constraint

Q*P? = st. (C.10)

We can expand the dilogarithms that appear in eq. (C.1) in this limit,

2 2
Liy <1— P—> 64O (P—>,
S S
P

2 2
Lis <1 — —) =G+ O (P—> )
t t
Q2 QP . (C.11)
. Q? 1, o [(Q? t
L12<1—7 :—<Q—§ln T +O @ 5
and it is straightforward to check that we find
pe F2me(s ¢, P2, Q%) = 0. (C.12)

Let us turn to the region defined by s,¢t < 0 and P?,Q? > 0, which corresponds
to the region analysed in ref. [I§] for the full six-point amplitude. If we perform the
analytic continuation of eq. ([C.7) to this region according to the standard prescription
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In(—s +ie) = In|s| —imé(s), and then approach the multi-Regge limit, we find a non-
vanishing imaginary part,

2mi P? P2Q?
P2 F2me(s 1 P2 0% = 2 oniln <F> — 27iln <1 - S? ) + O(e), (C.13)
€

in agreement with the result obtained in ref. [[[§]. Note that we could not have obtained
this imaginary part by analytically continuing the multi-Regge expression of the 2me box
in the euclidean region, eq. (IC.12), which vanished identically. We will now show that
taking the multi-Regge limit before making the expansion in € leads to consistent results
in all kinematic regions.

C.2 The 2me box to all orders in ¢

In this section we repeat the analysis of the multi-Regge limit of the 2me box, but taking
the limit on the all orders in e-expression instead of the e-expanded form. The expression
of the 2me box in the euclidean region to all orders in € can be found in ref. [51],

1 A 1
pPFP(s,t, P2, Q%) = ——2{ <—§> [1 —oF) <1,e, L+ 6 —)}
€ 7 as
—_t\ "€ 1 —_p2\ ¢ 1
+<F> |:1—2F1 <17671+6;E>:| — <—,u2 > |:1—2F1 <1,6,1+6;m>:|
—_02\ "€ 1
_<,u2 > [1—2F1<1,e,1+e;7622>} ,

where

(C.14)

B u
- P2Q? — st
and hence in the multi-Regge limit v = Q2 and a — oo. Using the scaling ([C.9), it is

a and u=P*+Q*—s5—t, (C.15)

easy to see that the leading contribution comes from the term proportional to (—P?)7¢,
because all other terms are suppressed by at least one additional power of X\. Hence, in the
multi-Regge limit we have

1 [(—P2\"° -

M25F2m5(37t,P27Q2) = - <—2> |:1—2F1 (1,671+671—¢)] s (016)
€ M

where we defined ® = PZS—EQ% and the limit is now reached by ® — 1. As the hypergeometric

function is continuous close to the origin, we get

lim oF} (1, el+el— <i>> — 1, (C.17)
d—1
and so in the euclidean region the 2me box vanishes, in agreement with the result obtained
in the previous section.

Let us turn to the region defined by s,t < 0 and P2, Q? > 0. When going to this region
we have to perform the analytic continuation of ® according to ® — ¢2>™®. However, in
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this region we cannot directly use the expression ([C.16), but we first need to perform
the analytic continuation of the hypergeometric function to the region we consider. The
e-expansion of the hypergeometric function in the euclidean region is given by

2Fi(Lel+6l—®)=1- (—¢)"Lin(1— ), (C.18)

n=1
and hence

)" Li, (1 — €™ ®). (C.19)

Mg

2F1(1,6,1 + €1 —e2™d) =

n:l

Since we know the analytic properties of the polylogarithms,

= In" (1 - ®)
: 271 _
we deduce
n"— 1(1 _ (I))
ImoFi(Le,1 +¢1—e2™d) = 2 e
moFi(l,e,1+¢ WZ =1
, (L - ) (C.21)
n 1 — T\ —¢
= — 271'62(—6) — = —2me (1 — @)™,
n=0
and hence
2F1(1e,14 61— e¥®) = F1(1,6,14+ 6,1 — @) — 2mie (1 — ®)~C. (C.22)
From this we immediately see that in the limit ® — 1,
2F1(1e,14 61— e2™d) — 1, (C.23)

and therefore the 2me box vanishes prior to making the expansion in €. This is traced back
to the imaginary part which behaves as,

2m
lim lim — (1 —®) ¢ =0. (C.24)
e—0 1 €
By taking the ® — 1 limit first, we find complete agreement with what we would have
obtained by analytically continuing the limit from the euclidean region to the new region.
On the other hand, if we expand in € prior to taking the ® — 1 limit, one produces an

imaginary part in eq. ),

27 2mi ~
lim lim — (1 —®) ¢ = lim T omi In(1 — @) + O(e). (C.25)
o120 € d-1 €

This is precisely the same imaginary part that we obtained in eq. (C.J). It is clear that
the two limits do not commute. The consistent approach is to take the multi-Regge limit
d — 1 first.

— 35 —



D. Quasi multi-Regge kinematics

D.1 Quasi-multi-Regge kinematics of a pair at either end of the ladder

In the quasi-multi-Regge kinematics of eq. ([[J]), we require that the gluons are strongly
ordered in rapidity, except for a pair at either end of the ladder. In light-cone coordi-
nates, it is

Py ~pl>ploo>pl py ] <ps o<y (D.1)

Momentum conservation ([A-2) then becomes

n
0= ZPU_,
=3

ps = —(p3 +pf), (D.2)

Py = —Pp -
The cyclic Mandelstam invariants are

s = (p§ + )Py,
so3 = —(p3 +pi)ps = —IpsL)® — pip3,

ot —
S45 = Py P55

— T -
Sn—1,n = Pp—1Pn >

Sn1 = —Dipn = —|PnLl? (D.3)

where we did not indicate s34 because it is written as in eq. (A-J), since no approximation
is taken on it.

D.2 Quasi-multi-Regge kinematics of two pairs, one at each end of the ladder

In the quasi-multi-Regge kinematics of eq. ([f.11]), we require that the gluons are strongly
ordered in rapidity, except for two pairs, one at each end of the ladder. In light-cone
coordinates, it is

Py~ Py > py > paat >0 ~p),
Py 2py LKpg o L pp2— K Py_1 =Dy -

Momentum conservation ([A.2) then becomes

n
0= ZpZJ_ )
=3

s =—(f +p1), (D.4)
pr = —(pp_1+p5)-
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The cyclic Mandelstam invariants are

s = (p3 +p5)(Pp_1 +Pn),
sa3 = —(p3 +pi)ps = —IpsL)® — pip3,

I
845 = Py P55

ot -
Sn—2n—1 = Pp_2oPp_1>

St = =P (Dh_1 +Pn) = —IPnil> — P}l py 1 (D.5)

where we did not indicate s34 and s,_1, because no approximation is taken on them. It
is easy to see that

S234 = —|p3L +p4¢!2,

Sn—1,n,1 = _+1hr—lL 4‘]%1l|2- (I)‘6)

D.3 Quasi-multi-Regge kinematics of a pair along the ladder

We require that the gluons are strongly ordered in rapidity, except for a pair along the
ladder. In light-cone coordinates, it is

py > pf ~pf >pd py <pp ~p; <pg- (D.7)
Momentum conservation ([A.2) then becomes

0 =mp31 +ps1 +p51 +D61 s
py = —pq, (D.8)
P = —Dg -

The cyclic Mandelstam invariants are

§ = P3Pg
s23 = —p3p3 = —IpsLl’,
34 = P3Py
$56 = Pa Dg »
se1 = —PgPg = —IpeLl’, (D.9)

where we did not indicate sy5 since no approximation is taken on it. The mass-shell
conditions for the gluons emitted along the ladder are

534546 535556
ol ===, |psfP === (D.10)
S S
In addition, it is useful to evaluate
_ 2 -
234 = —|p3L +par|” —pyp5 - (D.11)
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D.4 Quasi-multi-Regge kinematics of three-of-a-kind

In the quasi-multi-Regge kinematics of section [D.3, where the outgoing gluons are emitted
three in a cluster on one end and one on the other end of the ladder,

Py =pf =ps >pdi Py 2 Py <pg - (D.12)
Momentum conservation (A.J) then becomes

0 =mp31 +pa1L +p51 +D61 s
p3 = —(p +pf +pd), (D.13)
P = —Dg -

The cyclic Mandelstam invariants are

s = p3pg
s23 = —(p§ +pi +p3)ps = —Ips1l® — (f +p3)ps
$56 = D3 Dg »
s61 = —PgPg = —IpeLl’, (D.14)

where we did not indicate s34 and s45 since no approximation is taken on them. In addition,
it is useful to evaluate

934 = —|p3L +parL|* — (p3 +py)pa . (D.15)

References

[1] Z. Bern, L.J. Dixon and V.A. Smirnov, Iteration of planar amplitudes in mazimally
supersymmetric Yang-Mills theory at three loops and beyond, |Phys. Rev. D 72 (2005) 085001
[hep-th/0505205].

[2] Z. Bern, M. Czakon, D.A. Kosower, R. Roiban and V.A. Smirnov, Two-loop iteration of
five-point N = 4 super-Yang-Mills amplitudes, [Phys. Rev. Lett. 97 (2006) 181601]
[hep-th/0604074].

[3] F. Cachazo, M. Spradlin and A. Volovich, Iterative structure within the five-particle two-loop
amplitude, |Phys. Rev. D T4 (2006) 04502(] [hep-th/060222§].

[4] G.P. Korchemsky and A.V. Radyushkin, Renormalization of the Wilson loops beyond the
leading order, Nucl. Phys. B 283 (1987) 349.

[5] N. Beisert, B. Eden and M. Staudacher, Transcendentality and crossing,
| (2007) P01021| [hep-th/0610251].

[6] L. Magnea and G. Sterman, Analytic continuation of the Sudakov form-factor in QCD,
| Rev. D 42 (1990) 4223,

[7] G. Sterman and M.E. Tejeda-Yeomans, Multi-loop amplitudes and resummation,
| B 552 (2003) 4§ [hep-ph/021013().

[8] L.F. Alday and J. Maldacena, Comments on gluon scattering amplitudes via AdS/CFT,
VHEP 11 (2007) 06§ [prXiv:0710.106(].

— 38 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD72%2C085001
http://arxiv.org/abs/hep-th/0505205
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C97%2C181601
http://arxiv.org/abs/hep-th/0604074
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C045020
http://arxiv.org/abs/hep-th/0602228
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB283%2C342
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0701%2CP021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0701%2CP021
http://arxiv.org/abs/hep-th/0610251
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD42%2C4222
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD42%2C4222
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB552%2C48
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB552%2C48
http://arxiv.org/abs/hep-ph/0210130
http://jhep.sissa.it/stdsearch?paper=11%282007%29068
http://arxiv.org/abs/0710.1060

[9] L.F. Alday and J.M. Maldacena, Gluon scattering amplitudes at strong coupling, JHEP 06

(2007) 064 [arXiv:0705.0309].

[10] J.M. Drummond, J. Henn, G.P. Korchemsky and E. Sokatchev, The hexagon Wilson loop and
the BDS ansatz for the siz- gluon amplitude, [Phys. Lett. B 662 (2008) 454
[erXiv:0712.413g].

[11] Z. Bern et al., The two-loop siz-gluon MHV amplitude in maximally supersymmetric
Yang-Mills theory, |Phys. Rev. D 78 (2008) 045007 [rrXiv:0803.146].

[12] F. Cachazo, M. Spradlin and A. Volovich, Leading singularities of the two-loop siz-particle
MHYV amplitude, [Phys. Rev. D 78 (2008) 105029 [prXiv:0805.4833].

[13] J.M. Drummond, J. Henn, G.P. Korchemsky and E. Sokatchev, Hezagon Wilson loop =
siz-gluon MHV amplitude, prXiv:0803.1466.

[14] E.A. Kuraev, L.N. Lipatov and V.S. Fadin, Multi-Reggeon processes in the Yang-Mills theory,
[Sov. Phys. JETP 44 (1976) 443 [Zh. Eksp. Teor. Fiz. 71 (1976) 84d)].

[15] J. Bartels, L.N. Lipatov and A.S. Vera, BFKL Pomeron, Reggeized gluons and
Bern-Dizon-Smirnov amplitudes, prXiv:0802.2064.

[16] M.L. Mangano and S.J. Parke, Multi-parton amplitudes in gauge theories, |Phys. Rept. 200

(1991) 301 [rep-th/050922d].

[17] V. Del Duca, Parke-Taylor amplitudes in the multi-Regge kinematics, [Phys. Rev. D 4§

(1993) 5139 [hep-ph/9304259].

[18] V. Del Duca, Equivalence of the Parke-Taylor and the Fadin-Kuraev-Lipatov amplitudes in
the high-energy limit, [Phys. Rev. D 52 (1995) 1527 [hep-ph/950334(].

[19] V. Del Duca, L.J. Dixon and F. Maltoni, New color decompositions for gauge amplitudes at
tree and loop level, [Nucl. Phys. B 571 (2000) 51| [hep-ph/9910563].

[20] V. Del Duca, Nezt-to-leading corrections to the BFKL equation, in the proceedings of Les
Rencontres de Physique de la Vallee d’Aoste, La Thuile, M. Greco ed., INFN Press, Italy
(1996), hep-ph/9605404.

[21] L.N. Lipatov, Reggeization of the vector meson and the vacuum singularity in nonabelian
gauge theories, [Sov. J. Nucl. Phys. 23 (1976) 33§ [[Yad. Fiz. 23 (1976) 647

[22] L.N. Lipatov, High-energy scattering in QCD and in quantum gravity and two-dimensional
field theories, [Nucl. Phys. B 365 (1991) 614,

[23] V.S. Fadin and L.N. Lipatov, Radiative corrections to QCD scattering amplitudes in a
multi-Regge kinematics, Nucl. Phys. B 406 (1993) 259.

[24] V. Del Duca and C.R. Schmidt, Virtual next-to-leading corrections to the impact factors in
the high-energy limit, [Phys. Rev. D 57 (1998) 406 [hep-ph/9711309].

[25] V. Del Duca and C.R. Schmidt, Virtual next-to-leading corrections to the Lipatov vertex,
[Phys. Rev. D 59 (1999) 074004 [hep-ph/9810214].

[26] V. Del Duca and E.W.N. Glover, Testing high-energy factorization beyond the
next-to-leading-logarithmic accuracy, JHEP 05 (2008) 05¢ [prXiv:0802.4444§].

[27] Z. Bern, V. Del Duca and C.R. Schmidt, The infrared behavior of one-loop gluon amplitudes
at next-to-next-to-leading order, [Phys. Lett. B 445 (1998) 16§ [hep—ph/9810409].

— 39 —


http://jhep.sissa.it/stdsearch?paper=06%282007%29064
http://jhep.sissa.it/stdsearch?paper=06%282007%29064
http://arxiv.org/abs/0705.0303
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB662%2C456
http://arxiv.org/abs/0712.4138
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD78%2C045007
http://arxiv.org/abs/0803.1465
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD78%2C105022
http://arxiv.org/abs/0805.4832
http://arxiv.org/abs/0803.1466
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C44%2C443
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZETFA%2C71%2C840
http://arxiv.org/abs/0802.2065
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C200%2C301
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C200%2C301
http://arxiv.org/abs/hep-th/0509223
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD48%2C5133
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD48%2C5133
http://arxiv.org/abs/hep-ph/9304259
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD52%2C1527
http://arxiv.org/abs/hep-ph/9503340
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB571%2C51
http://arxiv.org/abs/hep-ph/9910563
http://arxiv.org/abs/hep-ph/9605404
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C23%2C338
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA%2C23%2C642
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB365%2C614
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB406%2C259
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD57%2C4069
http://arxiv.org/abs/hep-ph/9711309
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C074004
http://arxiv.org/abs/hep-ph/9810215
http://jhep.sissa.it/stdsearch?paper=05%282008%29056
http://arxiv.org/abs/0802.4445
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB445%2C168
http://arxiv.org/abs/hep-ph/9810409

[28] V.S. Fadin and R. Fiore, Quark contribution to the gluon-gluon-Reggeon vertex in QCD,
[Phys. Lett. B 294 (1992) 284

[29] V.S. Fadin, R. Fiore and A. Quartarolo, Radiative corrections to quark quark reggeon vertex
in QCD, [Phys. Rev. D 50 (1994) 2265 [hep-ph/9310259].

[30] V.S. Fadin, M.I. Kotsky and R. Fiore, Gluon Reggeization in QCD in the next-to-leading
order, |Phys. Lett. B 359 (1995) 181].

[31] V.S. Fadin, R. Fiore and A. Quartarolo, Reggeization of quark quark scattering amplitude in
QCD, |Phys. Rev. D 53 (1996) 2729 [hep-ph/9506439].

[32] V.S. Fadin, R. Fiore and M.I. Kotsky, Gluon Regge trajectory in the two-loop approximation,
[Phys. Lett. B 387 (1996) 593 [hep-ph/9605357].

[33] J. Blumlein, V. Ravindran and W.L. van Neerven, On the gluon Regge trajectory in O(a?),
[Phys. Rev. D 58 (1998) 091502 [hep-ph/9806357)].

[34] V. Del Duca and E.W.N. Glover, The high energy limit of QCD at two loops, [JHEP 10

(2001) 039 [hep-ph/0109029].

[35] A.V. Kotikov and L.N. Lipatov, NLO corrections to the BFKL equation in QCD and in
supersymmetric gauge theories, [Nucl. Phys. B 582 (2000) 19 [hep-ph/0004004].

[36] A.V. Kotikov and L.N. Lipatov, DGLAP and BFKL evolution equations in the N =4
supersymmetric gauge theory, [Nucl. Phys. B 661 (2003) 19 [Erratum ibid. 685 (2004) 405]
[hep-ph/020822Q].

[37] J.M. Drummond, G.P. Korchemsky and E. Sokatchev, Conformal properties of four-gluon
planar amplitudes and Wilson loops, [Nucl. Phys. B 795 (2008) 385 [prXiv:0707.0243.

[38] S.G. Naculich and H.J. Schnitzer, Regge behavior of gluon scattering amplitudes in N = 4
SYM theory, [Nucl. Phys. B 794 (2008) 189 [arXiv:0708.3069).

[39] Z. Bern, M. Czakon, L.J. Dixon, D.A. Kosower and V.A. Smirnov, The four-loop planar
amplitude and cusp anomalous dimension in mazximally supersymmetric Yang-Mills theory,
[Phys. Rev. D 75 (2007) 08501(| [hep-th/061024g].

[40] F. Cachazo, M. Spradlin and A. Volovich, Four-loop cusp anomalous dimension from
obstructions, [Phys. Rev. D 75 (2007) 105011| [hep-th/0612309).

[41] M. Spradlin, A. Volovich and C. Wen, Three-loop leading singularities and BDS ansatz for
five particles, [Phys. Rev. D 78 (2008) 085025 [prXiv:0808.1054)].

[42] C. Anastasiou, Z. Bern, L.J. Dixon and D.A. Kosower, Planar amplitudes in mazimally
supersymmetric Yang-Mills theory, |Phys. Rev. Lett. 91 (2003) 251609 [hep-th/030904(]].

[43] V. Del Duca, C. Duhr, E-ZW.N. Glover and V.A. Smirnov, The two-loop five-point amplitude
in the high-energy limit, in progress.

[44] J.M. Drummond, J. Henn, G.P. Korchemsky and E. Sokatchev, Conformal Ward identities
for Wilson loops and a test of the duality with gluon amplitudes, prXiv:0712.1223.

[45] R.C. Brower, H. Nastase, H.J. Schnitzer and C.-I. Tan, Implications of multi-Regge limits for
the Bern-Dizon-Smirnov conjecture, hrXiv:0801.3891|.

[46] R.C. Brower, H. Nastase, H.J. Schnitzer and C.-I. Tan, Analyticity for Multi-Regge limits of
the Bern-Dizon-Smirnov amplitudes, farXiv:0809.1632.

— 40 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB294%2C286
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD50%2C2265
http://arxiv.org/abs/hep-ph/9310252
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB359%2C181
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD53%2C2729
http://arxiv.org/abs/hep-ph/9506432
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB387%2C593
http://arxiv.org/abs/hep-ph/9605357
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD58%2C091502
http://arxiv.org/abs/hep-ph/9806357
http://jhep.sissa.it/stdsearch?paper=10%282001%29035
http://jhep.sissa.it/stdsearch?paper=10%282001%29035
http://arxiv.org/abs/hep-ph/0109028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB582%2C19
http://arxiv.org/abs/hep-ph/0004008
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB661%2C19
http://arxiv.org/abs/hep-ph/0208220
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB795%2C385
http://arxiv.org/abs/0707.0243
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB794%2C189
http://arxiv.org/abs/0708.3069
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C085010
http://arxiv.org/abs/hep-th/0610248
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C105011
http://arxiv.org/abs/hep-th/0612309
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD78%2C085025
http://arxiv.org/abs/0808.1054
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C91%2C251602
http://arxiv.org/abs/hep-th/0309040
http://arxiv.org/abs/0712.1223
http://arxiv.org/abs/0801.3891
http://arxiv.org/abs/0809.1632

[47] V. Del Duca, Real next-to-leading corrections to the multigluon amplitudes in the helicity
formalism, [Phys. Rev. D 54 (1996) 98 [hep-ph/9601211].

[48] V.S. Fadin and L.N. Lipatov, Next-to-leading corrections to the BFKL equation from the
gluon and quark production, [Nucl. Phys. B 477 (1996) 767 [hep-ph/9602287].

[49] V. Del Duca, A. Frizzo and F. Maltoni, Factorization of tree QCD amplitudes in the
high-energy limit and in the collinear limit, [Nucl. Phys. B 568 (2000) 211| [hep-ph/9909464].

[50] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, One-loop n-point gauge theory
amplitudes, unitarity and collinear limits, [Nucl. Phys. B 425 (1994) 217 [hep—ph/9403224].

[51] A. Brandhuber, B. Spence and G. Travaglini, From trees to loops and back, JHEP 01 (2006)

149 [hep-th/0510257].

— 41 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD54%2C989
http://arxiv.org/abs/hep-ph/9601211
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB477%2C767
http://arxiv.org/abs/hep-ph/9602287
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB568%2C211
http://arxiv.org/abs/hep-ph/9909464
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB425%2C217
http://arxiv.org/abs/hep-ph/9403226
http://jhep.sissa.it/stdsearch?paper=01%282006%29142
http://jhep.sissa.it/stdsearch?paper=01%282006%29142
http://arxiv.org/abs/hep-th/0510253

